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Abstract 

When the spatial dimensions n=2, the initial data no £ H 1 and the 
Hamiltonian H(uo) < 1, we prove that the scattering operator is well- 
defined in the whole energy space i/ 1 (R 2 ) for nonlinear Schrodinger equa- 
tion with exponential nonlinearity (e — l)u, where < A < An. 

1 Introduction 

We consider the Cauchy problem for the following nonlinear Schrodinger equa- 
tion 

i«t + A« = /(«), (1.1) 
f(u) := (e A l«l 2 - IK (1.2) 

in two spatial dimensions with initial data uq € H 1 and < A < Air. Solutions 
of the above problem satisfy the conservation of mass and Hamiltonian 



M(u;t):= \u\ 2 dx = M(u ), 
Jr 2 

H(u;t) := ( (|Vw| 2 + F{u))dx = H(u ), 



where 



F( u ) = i( e A l«l 2 -AM 2 -l). 



Nakamura and Ozawa[16 showed the existence and uniqueness of the scat- 
tering operator of (jl.ip with (II .2|) . Then, Wang [19] proved the smoothness of 
this scattering operator. However, both of these results are based on the as- 
sumption of small initial data uq. In this paper, we remove this assumption and 
show that for arbitrary initial data uo £ _ff 1 (R 2 ) and H(uq) < 1, the scattering 
operator is always well-defined. 

Wang et al.[20] proved the energy scattering theory of (II. ip with f(u) = 
( e A M 2 — 1 — A | | 2 — 4r|it| 4 )ii, where A £ 1 and the spatial dimension n = 1. 
Ibrahim et al. [10] showed the existence and asymptotic completeness of the wave 
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operators for with f(u) — (e A '"' — 1 — A|u| 2 )m when the spatial dimensions 
n = 2, A = 47r and H(uo) < 1- Under the same assumptions as 110., Colliander 
et al.[S] proved the global well-posedness of (jl.ll) with (jl.2|l : 

Theorem 1.1. Assume that uo £ H 1 (M 2 ), H(uo) < 1 and A = 47r. TTiera pro6- 
Zem uraf/i (11.21) has a unique global solution u in the class C(R, -ff^R 2 )). 

Remark 1.1. In fact, by the proof in J2|/ ; the global well-posedness of (11.11) with 
(|1.2|) is also true for < A < in. 

In this paper, we further study the scattering of this problem. Note that 
f(u) = (e A '"' — l)u = Y^kLi ^r\u\ 2k u. Nakanishi[TS] proved the existence of 
the scattering operators in the whole energy space i? 1 (E 2 ) for (jTTTJ) with f{u) = 
\u\ p u when p > 2. Then, Killip et al.[T2] and Dodson[7] proved the existence of 
the scattering operators in L 2 (R 2 ) for (|l.ip with f(u) = \u\ 2 u. Inspired by these 
two works, we use the concentration compactness method, which was introduced 
by Kenig and Merle in [IT|, to prove the existence of the scattering operators 
for III]) with (TO) . 

For convenience, we write (|1.1[) and (|1.2[) together, i.e. 

iu t + Au = f{u) := (e A|u|2 - l)u, u(0, x) = u , (1.3) 
where uo E H 1 (M 2 ) and < A < 4ir. Our main result is: 

Theorem 1.2. Assume that the initial date uo € i/ 1 (M 2 ), H(uq) < 1 and 
< A < 47r. Let u be a global solution of (|1.3[) . Then 

WuWlIJUxvl*) < oo. (1.4) 

In Section 2, Lemma [2^41 will show us that Theorem 11.21 implies the following 
scattering result: 

Theorem 1.3. Assume that the initial date uo £ H 1 (M 2 ), H(uq) < 1 and 
< A < 47r. Then the solution of (|1.3p is scattering. 



We will prove Theorem 11.21 by contradiction in Section 5. In Section 2, we 
give some nonlinear estimates. In Section 3, we prove the stability of solutions. 
In Section 4, we give a new profile decomposition for H 1 sequence which will be 
used to prove concentration compactness. 

Now, we introduce some notations: 



(x) = yl + \x\ 2 . (•, •) is the inner product in L 2 (R 2 ), 
G(u) := uf(u) - F(u) = e^\u\ 2 - \(e^ 2 1) = ^ ^+^p 
E = E(u;t) := M(u; t) + H(u; t). 

We define 

IMIffKR 2 ) := A) s / 2 w|| L , (R2) , ||n||^ f(R2) := ||(-A) s / 2 u|| L , (R2) . 
For Banach space X = iJ|(R 2 ), H%(R 2 ) or L"?(]R 2 ), we denote 

\\u\\ Lm x) := [ I \Ht)\\ p x dt' ' 
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When q =r, we abbreviate L q L x as L 9 X . When q or r are infinity, or when 
the domain Ixl 2 is replaced by J x I 2 , we make the usual modifications. 
Specially, we denote 

S(u) := IMll4 x(RxR2) . 
If to G M, we split S(u) = S<t (u) + S>t„(u), where 

S<t (u) := / / \u(t,x)\ dxdt 

J-ooJK 2 

and 

p + oo r 

S>t ( u ) '■= / / \u{t,x)\ A dxdt. 
J t Jut 2 

For any two Banach spaces X and Y, \\ ■ \\xnY '■— max{|| • ||x, || ■ C 
denotes positive constant. If C depends upon some parameters, such as A, we 
will indicate this with C(A). 

Remark 1.2. Note that < A < Ait in Theorem \1.2i we only need to prove 
the result for < A < 4(1 — 4e)7r, e G (0, 1/8). Hence, we always suppose that 
< A < 4(1 — 4e)7r in the context. 

Moreover, we always suppose that the initial date uq of (|1.3|) satisfies u$ G 
H^M 2 ) and H(u ) < 1. 

2 Nonlinear Estimates 

In order to estimate (|1.2I) . we need the following Trudinger inequality. 

Lemma 2.1. (U) Let X G [0,47r). Then for allu G H 1 (R 2 ) satisfying || Vu|| i 2 (R 2) < 
1, we have 

(Vl«l 2 -l) dx < C(A)H|| 2(R2) . 
Note that for Va > 1, 

(e A|u|2 - 1)" < e AQ|u|2 - 1. 
By Lemma \2. II and Holder inequlity, for A G (0,47r) and V/3 > 0, we have 

(e^-l) \ufdx<\\e^ 2 -l\\ Ll/(1 ^ {R2) \\u\\ 

<\\ u \\h(R 2 )\\ u \\m{M 2 ) ^ c '( A '/ 3 )ll u ll!2(R2) 

and thus 

(e A|u|2 - X\u\ 2 -lj dx < X J (e A|u|2 - l) \u\ 2 dx < C(A)||tt||| a(Ra) . (2.2) 

Lemma 2.2. (Strichartz estimates) For s = or 1, 

1 1111 

2 < r, p < oo, 



(2.1) 



lip) P 2 ' p p' 
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(the pairs ( r y{p),p) were called admissible pairs) we have 

We^-^u^h^^H^ < C\\u(to)\\ H s(MZ), (2.3) 
II [ e i(t -^ A f(u(T))dr\\ Ly , pHM . H}) < C\\f(u)\\ L ^y {R , H s iy (2.4) 



Lemma 2.3. (Proposition 2.3, [3D]) Let 1 < r < p < oo be fixed indices. Then 
for any q S [p, oo) 

||u|| L , (R2) < C(p,r)gV^+pM|| u ||^ R2) || u ||^ 2) . 

As is shown in [8] and [15] , to obtain the scattering result, it suffices to 
show that any finite energy solution has a finite global space-time norm. So, if 
Theorem 11.21 is true, we only need to prove the following theorem. 

Lemma 2.4. (Theorem 11.21 implies Theorem 11.31) Let u be a global solution of 
(|1.3p . || it Hi* (KxR 2 ) < 00 • Then, for all admissible pairs, we have 

IMIz/r(p)(R;ffi) < OO. (2.5) 



<l/e 

mates, (ED) and ESI 



<C||u(5)[[hi(r=) +C||A|m| w|L4/3 (/;H i /; j 



Proof. Defining X = L 2 /( 1-2e )(J; H\ /e ), Y = L 4 (I;Hl), by Strichartz esti- 

' ll ^(^0 ll I . I . L I ./. .J..! | 

+ C||(e A l 11 ' 2 -\\u\ 2 -l)u\\ L2/(1+2 , ){I . Ml j 

(2 61 

<c(£0 + Aq|«||i fi-(IxRa)) ||«|[y 1 ■ J 

+ AC|| U ||^ x(/xR2)) || U ||x||(e A '"l 2 - A| U | 2 - l)u-*\\ LrL w-«) (IxV) 
<C(E) + C(E)(\\u\\l UlxR2)) + \\u\\ll MxR2)) )\\u\\ XnY . 



Using the same way as in Bourgain [5] , one can split R into finitely many pairwisc 
disjoint intervals 



f 

j 

By & 



[J J =1 L J> \HlUi^)<V, C(E)(r, 2 +r, 8e )< 1/2. (2.7) 



\\u\\ L 2/(l-2e)( I ., H l^- )nL 4( I .. H l) <C(E). (2.8) 

As e <E (0, 1/8) can be chosen small arbitrarily, by interpolation, 

\\u\\ L ^ Hh , Hl) < C(E), (2.9) 

for all admissible pairs and j = 1, 2, • • • , J. The desire result follows. □ 
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3 Stability 

Lemma 3.1. (Stability) For any A > and a > 0, there exists S > with 

the following property: if u : I x R 2 — > C satisfies \\u\\ L i (j x r 2 ) — ^ arlc ^ 
approximately solves (|1.3I) m </ie sense that 



e iMA (w f + - /( U ))(r)dr|| /?in/?/(1 - 2 e )f4/e(/xR2) < 5; (3.1) 

j 

and w € tf^R 2 ) satifies H{v Q ) < 1 and ||e i(f_to)A (u(to)-'»>o)[U*. l! (jxH3) < 5 / or 
some to G iften i/iere exists a solution v : / x R 2 — > C to (jl.3|) mi/i w(<o) = '^o 
suc/i f/iat ||u — (j X R2-) < er. 

Proof. Let i> : R x R 2 — > C be the global solution with the initial data u(io) = ^o- 
Denote i> = u + w on the interval /, then 

iw t + Aw = (f(u + w)- f(u)) - (iu t + Au~ f(u)) (3.2) 

and \\e^^ A w(t )\\ LUlxR2) < S. Let X = L\ x n L 2/(1 - 2e) Li /£ (/ x R 2 ), by 
Strichartz estimates, (|3.ip and triangle inequality, we have 

/ 

to 



IMU £ <5 2e/(1 - 2e) + || / e^ A (f(u + w)~f(u))(r)dr\\ x +5 

Jto 

< 2S 2 "/^- 2 ^ + (\\u\\l UlxR2) + \\u + w\\l UlxR2) )\\w\\ LlJI ,, xm2) (3 3) 

+ (II u IIl*.(IxE") + H U + W Hlt ;c (/xK2 ) )||w|| i 2/(i_ 2e , i i/ e:(7><R2) 

< 25 2E/{1 ~ 2e) + (2A 2 + 2^ 8e )|H| x + IHl'x 86 + \H\x- 

When A and d = 6(a) both are sufficiently small, standard continuity argument 
gives < o\ When A is large, we only need to subdivide the time interval 

I and then the result follows by an iterate process. □ 



4 Linear Profile Decomposition 

In this section, we will give the linear profile decomposition for Schrodinger 
equation in iJ^R 2 ). First, we give some definitions and lemmas. 

Definition 4.1. (Symmetry group, [TB]) For any phase 8 € R/27rZ, position 
Xq £ R 2 , frequency £o G R 2 , and scaling parameter X > 0, we define the unitary 
transformation ge,£ , Xo ,\ '■ -^ 2 (^ 2 ) L 2 (M. 2 ) by the formula 

<W,fo,*o,A/(s) : ^•"'•• -/i^:. 

We let G be the collection of such transformations; this is a group with identity 
50,0,0,1, inverse gj\ QtXa>x = S-0-x o £o,-A£ o >-*oM,i/A and group law 

ge,£,o,x ,\99',Z' ,x' Q ,\> = 99+6' -x a £,' / \£ a +Z' / \,x +\x' ,W ■ 

We let G\L 2 (R 2 ) be the modulo space of G -orbits Gf := {gf : g £ G} of 
L 2 (R 2 ), endowed with the usual quotient topology. If u : I x R 2 ->■ C is a 
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function, we define T ge {q xo x u : \ 2 I xI 2 ->C where \ 2 I := {X 2 t : t € 1} by 
the formula 



or equivalently 



( T ae, £o , IO ,x u )( t ) - 9e-t\i \ 2 ,i ,x +2i t,x(u(To))- 



-A 2 

If g € G, we can easily prove that M(T g u) = M(u) and S(T g u) = S(u). 

Definition 4.2. (Enlarged group, [T5]) For any phase 9 £ R/2ttZ, position 
Xq el 2 , frequency £o £K 2 , scaling parameter A > 0, and time to, we define the 
unitary transformation g8,£ ,x .\,t Q ■ L 2 (M. 2 ) — > L 2 (R 2 ) by the formula 

ge,t ,x ,\,t = ffe,5o^o:Ae lt ° A , 

or in other words 

go,, oM f(x) := I e « e ~&(e«° A /)(^). 

Let G be the collection of such transformations. We also let G' act on global 
space-time function u : I x I 2 4 C by defining 



T ge ^ t u{t,x) := ^V^°e-^°IV° A ^, - "° A 



or equivalently 

( T ga,( ,x ,X,t U )( t ) = 5e-t|e | 2 ,?0:X +2Cot,A,t ( M (^))- 

Lemma 4.1. (Linear profiles for L 2 sequence, |13j ) Let «„ be a bounded sequence 
in L 2 (M. 2 ). Then (after passing to a subsequence if necessary) there exists a 
family <fi^\ j = 1,2,- •• of functions in L 2 (M. 2 ) and group elements g^ £ G' 
for j,n = 1, 2, • • • such that we have the decomposition 

I 

«n=EfnV (i) +^° (4-1) 
3=1 

for all I = f,2,---; here Wn S L 2 (M. 2 ) is such that its linear evolution has 
asymptotically vanishing scattering size: 

lim limsup5(e ltA u;W) = 0. (4.2) 

l— too n — >oq 

Moreover, for any j ^ j' , 

\G") ™0'')i2 i + (i)/'\(i)\2 Af) (\U')\2\ 

x (i) \0"'K " n ? " + \0')\0'') 

(4.3) 
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Furthermore, for any I > 1 we have the mass decoupling property 

i 

lim [M(u n ) - V M(4> {l) ) - M{w®)] = 0; (4.4) 

for any j < I, we have 

{g$)- l w<# 0, weakly in L 2 X (M. 2 ). (4.5) 
Remark 4.1. If the orthogonal condition (|4.3[) holds, then (see ]13^ ) 
lim (g^^KgP^mw) = 0, j± j', 

n— too 

lim (g^<t> U) ,wW) L * m =0. 
Moreover, if v^\v {j "> G X M 2 ), i/ien ('see 0/, Jig/;, /or any < < 1 

lim |||T W « W) r- fl |V ) t;W')| fl || £ j -(HxRa )=0; (4.6) 

ifv {1 \--- ,«W G Lt iX (M x R 2 ) 7 i/ien fsee gf, Lemma 5.5J 

i i 
lim S(V 5 «««)<rS(«»), (4.7) 

n— j-oo z — ' ^ — ' 
3=1 3=1 

Remark 4.2. ^4s eac/i linear profile cpV> in Lemma \4-1\ is constructed in the 
sense that 

wea£% m L 2 (R 2 ) fsee f7gj/)_ a ^ er 

passing to a subsequence in n, rearrangement, 
translation, and refining (fP> accordingly, we may assume that the parameters 
satisfy the following: 

1) t^} — > ±oo as n —± oo, or f„ = for all n,j; 

2) An or oo as n — >• oo, or An = 1 /or a^ n, j; 

5; \^\ ->coosn^oo, or = wi/i < 00. 

WTien Al j) = 1, = and < 00, we can Zei s 0. 

Our main result in this section is the following lemma: 

Lemma 4.2. (Linear profiles for H 1 sequence) Let u n be a bounded sequence 
in H 1 ^ 2 ). Then up to a subsequence, for any J > 1, there exists a sequence 
(p a in iJ 1 (R 2 ) and a sequence of group elements g na = ge noc ,£ na ,x na ,\ na ,t na G G' 
such that 

J 

u n =^g na <p a +R(n,J). (4.8) 

a=l 

Here, for each a, X na and £ nQ , must satisfy 

X na = 1 and £„« = 0,or\ na -> 00; (4.9) 



s 



R(n, J) G H 1 ^ 2 ) is such that 



lim \imsup S(e R(n,J)) = 0. (4.10) 

J -too n-^oo 

Moreover, for any a ^ a' , one has the same orthogonal conditions as (|4.3p . For 
any J > 1, one has the following decoupling properties 

J 



Urn {\\u n f L2{m2) - ll^||! 2(R2) - \\R(n, J)||! 2(K2) } = 0, (4.11) 

J 

UrQ{||w„||| 1(R2) -^\\g na (t> a \\\i m - \\R{n, J)[[| 1(R2) } = 0, (4.12) 



J 



lim limsup{iJ(u„) - V H{g na <j) a ) - H(R(n, J))} = 0. (4.13) 

a— 1 

Proof. Let 



Then, we have 

+ 00 



1 2 fc - 1 < |£| < 2 k - 
else. 



U n = 2J DfeWn := ^ □feli„+i? A r, 
fc=-oo |A:| <A^ 



and 



ll M n|li 2 (R 2 ) — IPfc W "lli 2 (R 2 ) + l|-Rjv|li2( R 2), 

\k\<N 

ll u n|llfl( R 2) = ^ IPfcWn||^i( R 2) + ||-Rat||^-1( R2 )) 

\k\<N 

lim limsup ||iZjv||.LW) = 0. 
By Lemma T4. II after passing to a subsequence if necessary, we can obtain 

O k u n ^J2glM ) +^ (4-14) 

with the stated properties l)-4) and (|4.1l) - (|4.5p . Denote 

A 1 , = {(fc,j) | |fc| <iV,l<j <i fc) A$ =l,ei J 2 =0}; 

Ai,oo={(*,i) I |A|<JV,l<j<l fc ,A$=l,|^|->oo}; 
A = {(fc, j) | < N, 1 < j < l k , A$ 0}; 

Aoo.o = {(*, j) | \k\ < N, 1 < j < l k , A$ co, = ^ |£« | < 2 k-i }; 
Aoo,i = {(k,j) \\k\<N,l<3< h, A$ ^ oo, ^ = #\ 1^1 6 [2 fc - 1 ,2 fe ]}; 
A^oo = {(fc,j) I \k\ <N,1<3< h,^l -> oo, |^| -> oo or = #\ |#>| > 



Step 1. We prove that 

«n= E 9$4t?+R 

(fc.iJeAi.oUAoo.i 

with 0nM ° = n k9nUk ° and for each nxed ^ 



(4.15) 



lim {|K||| 2(]R2) - ^ ll^ ) |lL( R2 )-Plli 2(R2 )} = 0, (4.16) 
(fcj'JeAi.oUAoo.i 

^KII^CR-)- E Ibii ) 4- 7 ' ) ||^ (R2) -PII^ CK2) } = 0, (4.17) 

(fej^GAi.oUAoo.i 



Km lim limsupSXe #) = 0, (4.18) 

AT-XX) 2 fc ->oo n-j-oo 



where 



w 



n k 



\k\<N 



By (|4.2D and lini/v^oo limsup^^ ||i2jv||i 2 (M 2 ) = 0, (|4.18[) holds obviously. 
For (|4.15p . we prove it by induction. For every k, suppose that 

□fc«r,=flStf ) +«'S- ( 4 - 19 ) 

Case 1. If (fc, 1) G Ai i00 U A U A^o U A mi00 , we have = 0. 
In fact, by 

<Pk ~ \9nk ) U kU n ~ (9 nk ) W nk . 

Thus 

= {u n ,U k g nk (j) k }-{{g nk ) w nk ,(p k }. 



(4.20) 



Using (pT5]l . 

((flife ^ as n -»■ co. (4.21) 

By direct calculation, 

A nfe ^nfe A nfc 

(4.22) 

Let n — > oo, when (fc, 1) G Ai i0O , 

IP^iM^lllw^ / m l^pd^O; (4.23) 
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when (fc, 1) G Ao, 

IP^iM^llW 2 )^ L (1 wn a, N^"^; (4.24) 
when (fc, 1) e Aqo^, 

IP^iM^llV)^ / m l-F^I^^O; (4.25) 
when (fc, 1) e Aq^oo, 

\P k 9 { 2<t> { k\\l^)< I a) (1) lM 1} | 2 ^^0. (4.26) 

By g^-dHa, ||4. 1) ||i 2(R 2 ) = and thus ^ = 0. 
Case 2. If (fc, 1) € Ai i0 U A^i, we have 

Wg^^ - || i2(R2) as n ^ oo. (4.27) 

Let x .(i) be the characteristic function of the set Ar andP.(i) = J-~ 1 y A wJ~, 
A k A k A k 

then 

\ fc fc / k k 

where 

P^^^M^i^-^))?- 

k k 

Note that 

(P^^P^iS^r 1 ^) = (P A ^\{9 ( nlr 1 ^nl) ^Oasn^oo, 
we have 

lim (\\P A ^n k U n \\l Hm) - HP^D^II!.^) - (9 ( ^)~ lw nk Hl»(R»)) = «• 

71 ? OO \ fc fc fc / 

(4.28) 

When (fc, 1) G Ai, , we have P w = Pui). Choosing = {£ \ |£| < 

fc fc 

2 k ~ 1 or |£| > 2 fe }, then by (|T2"g|) , P^d)^ = 0, the desired result follows. 
When (fc,l) G Aoo,! and \^\ G (2 fe -\2 fc ), we have 

< 



a, a, a, ^^+1 w w w 
— >-0 as n — > oo 



When (fc, 1) G Aooa and \C k '\ = 2 k , we denote £ = (6,6) and 6 , = 
Ktt'ffca)- The line & = -7876 (when ^ = 0, we use the line 6=0 



11 



instead) separates the frequency space L 2 (R 2 ) into two half-planes. We let 
to be the half-plane which contains the point , then 

p AW u k u n = -F-^mCa^ - d iy ))xk^u n = 0. 



By g^HJ), we have P^d^ = 0. Note that 

lim || 5 «(l-P (1) )^- n ^ 



A nfe 

< lim / l-F^I 2 ^ 



(071) holds. 

When (jfe, 1) e Aqq,! and |^ X) | = 2 fc " 1 , let to be the half-plane which 

does NOT contain the point £tp, we can prove (|4.27l) similarly as above. 

By the proof above and absorbing the error into wty, we can suppose 

9nUk ] = U k9 ( 2<t> ( k ] and (fc, 1) e A^UA^. Denote = u n - gMffl 
and suppose 

n k v^=g^+w^. (4.29) 

Repeating the proof above, we can obtain g^<f>^ = ^k9nk^k an< ^ (^>2) S 

Ai,o U Aqo,!. , by induction, we obtain (|4.15p . 

By the orthogonal condition (14.3[) , following the proof in [13] , we can obtain 
that for fix k and Vj ^ j , 

^(9 { M J \9nk^P)m^ } = lim (D^iM^^W W 2 ) = °> 



(|4.16[) and (|4.17l) were proved. 

Step 2. For arbitrary (kx,ji), (fe, J2) 6 Ai^UAqq,!, we define (fci, ji) - (fc 2 , J2) 
if the orthogonal condition (|4.3I) is NOT true for any subsequence, that is 

\0'0 u(Ja) _ „0'i)|2 

A "fcl , A »fc 2 , X (j2)x0'l)|t(j2) _ t0'l)|2 , l X nfc 2 x nfci I 
i(3a) ~ l ~ A «fe l?nfc 2 ?nfci I f ,(j 2 K(ji) 

A nk 2 A nkx A nk 2 A nk l 

\Ah) (\{h)\2 _ Ah) r \(h)\2\ 

I L nk 2 \ A nk 2 > b nk x \ A nk x I I 

\{h) \ {h) 

A nk 2 A nk! 

By the definition above, if (fci, ji) ~ (^2,^2), we have 



< 00 /or Vn. 



~ \(Ji)cO'i) ^ \ih)Ah) x nfc 2 .01) 

nfci A nk 2 > nfeiSnfei nk 2 ^nk 2 ' . (ji) \(j2)' "^i nfe 2 ' 

^nfei ^nfc 2 

Note that 
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by Remark 4.2, we can put these two profiles together as one profile. Then, we 
can denote (Ai )0 U A^i)/ ~= {1, 2, • • • , J}, (|4^|) - (|4~T2"|) were proved. 

Specially, as is dense in L 2 , we can also suppose T(j) a £ and hence 
(f> a £ H^R 2 ). 

Step 3. We prove (|4.13[) now. By f|4. 12|) . we only need to prove that for Vm £ N, 
m > 2 

j 

lim limsup{||w„|||? m(R2) - \\9n a cj> a fc?™{9?) ~ \\R(n,J) \$jLm?) } = 0. 

J— too n _j-oO -| 

a — 1 

(4.30) 

As 

\\R(n, J)||^ (E2) < ||JJ(„, JJII^^HiZfn, J)||^) /(m - X) 
and for ~ < < ~, 

J)|U 4(E2) < ||e rfA i?(n, J)|| LrL 4 (RxR2) < || V tA i?(n, J)|U U(KxR2) 
= || e ^E(n,J)||^ KxR2) ||(0O 1/2 e i4A i2(n,J)|||^ (RxR2) 
= |e 4iA i?(n, ^)||£4^ RxR 2)||e 4 * A i?(n, J)Hi|jji( KxK 2) 
< ||e 4iA i?(n, J)||^4^ RxR2) , 

by (|4.10p . we have 

lim lim sup \\R(n, J)||l? m(R2) = 

We separate the set 1 < a < J into two subsets: 
Ai = {1 < a < J | A nQ ee l,£ na ee 0}, A^ = {1 < a < J \ X na -> oo}. (4.31) 
When a £ Aoo, 

lim WgnaML^QP) = Km (A nQ ) - i+i/m ||e 4t "^0 Q || L 2„ 



ia ^-l+l/m Np it n e,A r 

< lim (A na )- 1 + 1 / m ||^|| Hl(K2) =0. 



(4.32) 



Hence, in order to prove (|4.30[) . one only need to prove 



lim {|| £ OnMl^) - £ HWalli^)} = 0. (4.33) 



n— »oo 

qGAi a£Ai 



If a € Ai and t na — > oo, for a function a 6 -ff 1/2 D i 4/3 we have 

|ffria</>a||L 4 (R 2 ) < ||5na0Q ~ 9na4>a \\ L 4 (R 2 ) + Wdnafya || £ 4 (R=) 

< II^Q — 0Q||ffl/2( R 2) + |£na| 1 ' 2 ||0q||l4/3( R 2) 



(4.34) 



By approximating <p a by Q e in 7J 1 / 2 and sending n — > oo we have 
||5'na!^a;||i 4 (R 2 ) -> 0. Note that g na (f> a £ H 1 , we obtain ||g„ Q </> Q ||l 2 ™( R2 ) ->• for 
Vm > 2. 
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If a G Ai and t na = 0, we have orthogonal condition \x na — x na ' \ ~^ oo for 
any a ^ oi . Thus 

ii^o^ll Z 9na<l>a \ | l™m( R 2) - ll3na^a|ll™m( R2 )} 
QGAi,t ncl =0 QeAi,t„„=0 

= i5So^ll Z ^«(- ~ 2; «a)lli™™(R2) - Z ll^(--^)lli™"(R^)} = - 
aeA 1 ,t na =0 aeAi,t na =0 

(|4.33|) holds and then (|4.13[) was proved. 

□ 

5 The Proof of Theorem Q 

Let u be a solution of (|1.3|l . by Strichartz estimate and (12. 6[) . 

H U HL^nL? /(1 - 2£) Li /£ (RxR2) 

<C||U0||L2(R2) + Cllull^l^jg^) + C(£;)||u|| i 2/(l-2 £ , i l/e (R><R2) ||M||^4 :c(R><R 2 ) 

<qKllL W + c||u||3^ nL?/(1 _ 2e)Li/e(RxR2) + c(£;)||u||^ 8£ nL , /(1 _ 2e)L i /e(RxR2) . 

(5.1) 

When ||uo||l2(r2) 1, by standard continuity argument, we have 

IMIl? x (Rxr 2 ) < C||uo|| L 2(R2) < oo. (5.2) 

Hence, if M(u) <C 1, then (RxR 2 ) < 00 • I n particular, we have global 

existence and scattering in both directions. 
For any mass to > 0, we define 

A(m) := sup{S*(u) : u is the global sulution of (jl.3p . M(u) < m,H(u) < 1}. 

Then A : [0, +oo) — > [0, +oo] is a monotone increasing function of m. As A is 
left-continuous and finite for small to, there must exist a unique critical mass 
m,o G (0 + oo] such that A(m) is finite for all to < too but infinite for all to > niQ. 

To prove Theorem 11.21 one only needs to prove that the critical mass too is 
infinite. We will prove that by contradiction. 

Proposition 5.1. Suppose that the critical mass mo is finite. Let u n : Rxt 2 — > 
C for n = 1, 2, ■ • • be a sequence of solutions and t n G R be a sequence of times 
such that limsupjj^^ M(u n ) = mo and 

lim S> t n (u n ) = hm 5< f (u„) = +oo. (5.3) 

n— >oo n— >oo 

Then there exists a sequence of x n = x n (t n ) G M. 2 such that u n (t n , x + x n ) has a 
subsequence which converges strongly in L^(R 2 ). 

Proof. We can take t n = for all n by translating u n in time. Thus, 

lim S> (u n ) = lim S< {u n ) = +oo. (5.4) 
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By Lemma 14.21 up to a subsequence if necessary, we have 

U n (0) = ^ 9na<Pa+ R(n,J), 
qGAiUAoo 

where Ai and Aoo were defined by (|4.31[) . Suppose that 

a - h e *s„«A 

where t na e R and h„ a e G. By (|4.11)1 . 

XI M (<?W < hmsupM(M„(0)) < rn (5.5) 

Hence, 

sup M{<p a ) < toq . (5.6) 

aGAiUAoo 

We define the nonlinear profile v a : M x M 2 — > C as follows: 
♦ When a e Ai 

o if t na = 0, we define v a to be the global solution of (ll.3[) with initial data 
v a (0) = 4> a . 

o if t na — > +oo, we define u Q to be the global solution of (|1.3[) which scatters 
to e ttA (p a when £ — > +oo. 

o if t na — ► — oo, we define u a to be the global solution of (|1.3[) which scatters 
to e ttA (/) a when £ — > — oo. 

4 When a € A^, 

o if t na = , we define v a to be the global solution of iut + Aw = \u\ 2 u with 
initial data v a (0) — <f> a . 

if t na — > +oo, we define v a to be the global solution of iut + An = \u\ 2 u 
which scatters to e %tA $ a when £ — > +oo. 

o if t na — > — oo, we define v Q to be the global solution of iut + Au = |u| 2 u 
which scatters to e ltA <p a when £ — )• — oo. 

If we define 

u» = T hna [v a (-+t na )](t)+e itA R(n,J) (5.7) 

ctSAiUAoo 

for n, J — 1, 2, • • • , then we have the following two lemmas: 
Lemma 5.1. f\18^. Lemma 5.1) 

lim M(tt„(0) - u„(Q)) = 0. 

n— >oo 

Lemma 5.2. J/ 

lim limsupHunllx,! (HxR 2) < oo, IKIU* (r x r 3 ) < 00 ( Va ); 

J— loo n—too 

then 

lim limsupH f e^- T)A ((id t + A)u n -f(u n ))(T)dT\\ x =0. 
w/iere AT = n L 2/(1_2e) Ly £ (M x M 2 ). 
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Proof. Denote 

V na = Th na [v a (< + t na )]. 

By the definition of u„, we have 

aeAiUAoo 



Vna I Vna • 



and 

(id t + A)«„ = ^ /(«na) + 51 

Thus, by triangle inequality, it suffices to show that 

hm hmsup || / e^- T ^ A (f(u n - e HA R(n, J)) - f(u n )) (r)dr|U = 0, (5.8) 

J— >oo 



and 



\\fe^ A (f( v ™)~ E /Ka) ) (r)dr|| x = (5.9) 

V aeAiUAoo aGAiUA^ / 

lim || [ e^ T ) A V {f(Vna)-\v n a\ 2 V na )(T)dT\\ X =0 (5.10) 

17 U „, C A 



a£A 

Using (|4.13p and the same estimates as in (|3.3[) . we have 
II / e^ A (f(ti n - e itA R(n, J)) - f(u n ))(r)dr\\ 



x 

~ l n\\ 2 LlJK,xWL 2 ) + \\ edA R( n i ^)llL* x (RxR 2 ))ll e2 * A ^( n ' J ) II h\ >x (RxR 2 ) 
^nllif (Ix^) + ll el * Ai? ( n > J )llif x (RxR 2 ))ll e2 * Ai? ( n ' J )llL? /(1 - 2e) Li /e (Rx 



By gig, 



lim limsup ||e i * A i?(n, J)\\ L f jmxm 2 ) = 0. 



As 



and 

we have 



\\e lt ^R(n,J)\\ L 2/(i-2c) L i/, 

<IU itA Rl^ tn,||2£/(1-2£) \\AtA-D(„ nN (l-4 £ )/(l-2e) 



||e 2tA i?(n, J)|| L 2/(i- E ) L 2/ e(RxR2) < ||i?(n, J)|| L 2 (R 2) < oo, 
lim limsup ||e rtA i?(n, J) || i 2/(i-2«) i i/ s (RxR2) = 0. 



J— too n— >oo 

By (|5.15p . (|5~8l) was obtained. 
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Using Strichartz estimate, 

II f e^-^ A (f(v na ) - \v na \ 2 v na ) (r)dr\\ x 
Jo 

-II E ~ ' m \ ™ Q H<C 3 (RxR 2 ) - E H U "alUt,«(RxR=) IKa||£?m (R ,- ,2 , 
m=2 m— 2 



- S ^j( A,lQ ) 1 ) 1 1 U « 1 1 i"-. t , x ( R X R 2 ) I 1 1 1?"' ( R X 1 

m=2 



By Lemma T2. 31 

h^iu-(rxr=) < ^ i/2+i/2m ii^iiK: (R x R2) ii^iir4 m ^)- 

Note that ||fa||i; 4 (rxr 2 ) < °°i (|5.10p was obtained. 

To prove Lemma [5T21 we only left to prove (|5.9I) . Note that 



/(E^)-E/( z «) £ E wie^-ii, 

a— 1 a — 1 a^a' 

by (|4.13p , we have 

\\fe^ A [f( v ™)~ E /(«na))(r)d 

+ IKa(e A|lJ '* Q ' - A|w„ Q '| 2 - 1 )ll L 2/(i+2^) L i/(i- £ ) (RxR 2)) 

~ E lll^nal 1 ^ 2 !"""'! 1 ^ 2 !!!,* JRxR^IKia'llL^JRxR 2 ) 

4e(l + e) l-2e-4e 2 



+ E lll U na| £/(1+e) | W nQ'| 1/(1+e ' ) |lL4 :i;( K ><R 2)||Wna|| 2 (i-L-4.2) i_ 2e -4 E 2 

a#a' L t 1 ~ 2e ~ 6e L~ ? (RxR 2 ) 

• |||wr 4e/(1 - 2£) (e A| ^' 12 - A|^| 2 - l)ll LrLr 2 „/ (1 -4 e)(R><R2) . 

By (|4.6[) . we immediately obtain (15.91) . □ 
By (I5.6[) . suppose 

sup M((f> a ) < m - a (5.11) 

qGAiUAoo 

for some a > 0, we will prove that this leads to a contradiction. By the definition 
of A(m) and (|5.2[) . we have 

A(m) < Bm for all < m < m Q - a, (5-12) 

where B — B{a) S (0, +00). Then v a satishes 

M(v a ) = M(<p a ) <m -a, (5.13) 
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S(v a ) < A(M(<t> a )) < BM(d> a ). (5.14) 
By P~7)t . (j53|) and (jS~T4l . we have 

lim limsup S(u n ) < Bm§. (5.15) 

J n — ► oo 

Using Lemma 15.11 and Lemma 15.21 we have 
M(u n (0) - «n(0)) < S, S(u n ) < 2Bm a , 

e l{t - T)A {{id t + A)u n - f(un))(T)dT\\ L ^ nL 2/(i-2^ L i /C{RxR2) < S, 

for S > sufficiently small, J = J (6) and n — n(J, S) sufficiently large. By 
Lemma [XU we obtain that S(u n ) < 3Bm which contradicts (|5.4p . Thus, 
(I5.1ip fails for Vct > 0, and then 

sup M(4> a ) = rrio- 

aeAiUAoo 

Comparing this with (15.51) . we have 

u n (0) = h n e lt " A <P + R n (5.16) 

with t n converging to ±oo or t n = 0, h n G G, M((j)) = mo and 

M{R n ) -> 0, S(e ttA R n ) -> as n -> oo. 

Specially, the parameters A n ,£ n of /i n must satisfies 

A„ = 1 and = 0, or A„ — >• oo. 

Since there is only one profile now, we have 

u n = T hn v + e ltA R n . 

When A„ — > oo, by the scattering of cubic Schrbdinger equation (see [T2], [7]), 
we have S(v) < oo and lim„_ i . 00 S(u n ) < oo. By Lemma 15. 1[ Lemma 15.21 and 
Lemma l3.ll we obtain that for n sufficiently large, S(u n ) < oo which contradicts 
(& 

When A„ = 1, = and t n — > +oo, by Strichartz estimate and monotone 
convergence we have 

lim 5> o (e ItA e lt " A 0) = 0. 

ti—>oo 

Thus 

lim S> {e ltA h n e lt " A (j)) = lim 5> (e ltA e It " A 0) = 0. 

n— >oo n— >oo 

Since lim^oo S(e ltA R n ) = 0, we can see from (|5.16p that 

lim S> {e ltA u n {0)) = 0. 

By Lemma 13.11 (with as the approximate solution and u n (0) as the initial 
data), we have 

lim S> (u n ) = 
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which contradicts one of the estimates in (|5.4I) . 

When A„ = 1, £ n = and t n — > — oo, the argument is similar and we can 
obtain a contradiction by using the other half of (|5.4[) . 

Now, the only case left is A n = 1, = and t n = 0, . In this case, we have 

M(u n (0) - h n 4>) = M (R n ) as n -> oo. 

Thus (/i„) _1 u„(0) = e 10n u n (O,x + x n ) converges to <j) in L 2 (R 2 ). After passing 
to a subsequence if necessary and refining (f>, the desired result follows. □ 

Let {u n } be the sequence given in Proposition 15 . 1 1 and suppose u n (0, x + x n ) 
converges to uq strongly in L 2 (M. 2 ), then M(uq) < mo. Let u be the global 
solution with initial data it(0) = uq, by Lemma 13.11 we must have 

S>o(u) = S< (u) = +oo. 

By the definition of mo, M(uo) > mo and hence M{uq) = mo. 
Since u is locally in L\ x , for Vt„ G R, we have 

S>t n (u) = S< t „( u ) = +°o- 

Using Proposition 15 . 1 1 for {u(t n )}, we have u(t n ,x + x(t n )) converges in L^(M. 2 ). 
By Ascoli-Arzela Theorem, that is 

Proposition 5.2. Suppose that the critical mass mo is finite. Then there exists 
a global solution u of mass exactly mo satisfies that for every rj > there exists 
< C(r}) < oo such that 

\u(t,x)\ 2 dx+ [ \u{t,£)\ 2 d£<ri (5.17) 

x-x(t)\>C(r,) J\t-e(t)\>C(,n) 

for all t 6 K, where the functions x,£ : M — > R 2 . 

Proposition 5.3. The solution described in Provosition \5.2\ does not exist. 



Once we proved Proposition l5.31 we can say that mo = oo and thus Theorem 
ll.2l is true. In order to prove Proposition l5.31 we need the following two lemmas. 

Lemma 5.3. (|15j. Lemma 5.2) Let u be a global solution of (11.31) . Then we 
have 

{t) 2 G{u) dxdt ^ c ^ ({u8) 



R2 (t) 3 4 

Lemma 5.4. (|15). Lemma 6.2) Let u be a global solution of (|1.3p . Let B be a 

compact subset ofM 2 . Then for any R > and T > 0, we have 

[ \u{T,x)\ 2 dx> [ \u{0,x)\ 2 dx-C(E)T/R, (5.19) 
JB(R) Jb 

where B(R) := {x e R 2 \3y e B s.t. \x - y\ < R}. 

The proof of Proposition^^ By Lemma 15.41 choosing rj sufficiently small, 



\u{t,x)\ 2 dx > / \u(0,x)\ 2 dx - C{E)/R 

x-x(0)\<C(v)+R\t\ J\x-x(0)\<C(v) 

>m -r)-C(E)/R. 
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By Proposition 15. 2[ 



\x~x(t)\<C(r)) 



\u(t, x)\ 2 dx > mo — rj. 



For a fixed large number R, we must have \x(t) — x(0)\ < 2C(rj) + R\t\. By 
Lemma 15.31 and Holder inequality, 
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